We investigate the propagation and scattering of highly nonlinear waves in granular systems composed of spheres in contact arranged in a square packing, and study how the presence of small and light spherical interstitial defects, also referred to as intruders, affects the wave propagation. The effects of a single defect are investigated experimentally and compared to numerical simulations, showing very good quantitative agreement. Transmitted and scattered waves are formed, whose characteristics depend on the material properties of the defect in relation to the properties of the particles in the lattice. Experiments and numerical simulations reveal that stiffer defects are more efficient at redistributing energy outside the impacted chain and soft defects induce a localization of the energy at the defect. Finally, the effects of the presence of two defects, placed diagonally or aligned in the square packing are also investigated, as well as how their interaction depends on their relative positions.
We investigate the propagation and scattering of highly nonlinear waves in granular systems composed of spheres in contact arranged in a square packing, and study how the presence of small and light spherical interstitial defects, also referred to as intruders, affects the wave propagation. The effects of a single defect are investigated experimentally and compared to numerical simulations, showing very good quantitative agreement. Transmitted and scattered waves are formed, whose characteristics depend on the material properties of the defect in relation to the properties of the particles in the lattice. Experiments and numerical simulations reveal that stiffer defects are more efficient at redistributing energy outside the impacted chain and soft defects induce a localization of the energy at the defect. Finally, the effects of the presence of two defects, placed diagonally or aligned in the square packing are also investigated, as well as how their interaction depends on their relative positions. 
I. INTRODUCTION
The propagation of nonlinear elastic waves in granular crystals, defined as elastic particles in Hertzian contact arranged in controlled geometrical packings, has received considerable attention in recent years. Granular crystals exhibit interesting dynamical properties: for example, one-dimensional (1D) chains of spherical particles support the formation and propagation of solitary waves [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] , and their dynamic response can be tuned based on the amount of static precompression applied to the system [7, 14, [19] [20] [21] [22] [23] .
There are several studies that analyze the interaction of a solitary wave with defects in a one-dimensional system [24] [25] [26] , as well as the interaction of a solitary wave with different interfaces [27] [28] [29] [30] [31] [32] [33] [34] . Interesting phenomena have been shown to occur when impurities are present in an otherwise homogeneous highly nonlinear chain of spheres, and mass defects, in particular, have drawn significant attention [24] [25] [26] . Manciu, Sen, and Hurd [26] studied the backscattering of a solitonlike wave as it encounters a lighter or heavier defect and suggested that the propagation of acoustic pulses could be used to detect impurities buried in granular media. The elementary interaction of light or heavy intruders with shock waves has been investigated numerically [24] . Hascoët et al. showed that a light defect acts as a secondary source of solitary waves, whereas a heavier defect is simply translated, creating a train of solitary waves forward and a stable reflected wave. When reached by a shock wave, a light defect will start oscillating between its two neighbors. Those oscillations are damped as the defect becomes a secondary source of solitary waves, and one can observe trains of solitary waves of decreasing amplitudes in both directions as the defect collides with its nearest neighbors. A heavy impurity will behave very differently: instead of exciting the defect, the shock will simply shift it in its moving direction and the chain will be halved in two parts. A stable reflected wave will propagate to the left of the defect, while the forward propagating solitary wave will be decomposed in a train of pulses. Recently, it was experimentally shown that the presence of a lighter mass defect can induce mechanical energy localization [25] as it interacts with a solitary wave. When interacting with the solitary wave, the impurity starts oscillating with a frequency which increases nonlinearly with the amplitude of the propagating pulse and decreases with the size of the impurity. The inclusion of multiple defects has also shown interesting dynamic effects [21, 28, 29, 31] and symmetry breaking phenomena [35] . One-dimensional "tapered" chains have been studied in detail and have been proposed for the design of granular protecting devices based on the redistribution of the initial energy input [36] [37] [38] [39] [40] [41] .
Nesterenko numerically studied the effects of disorder in 1D systems consisting of spheres of the same material but to which diameter was randomly assigned, and showed how disorder is responsible for the attenuation and decomposition of shock waves and solitary waves [1, 14] . In a more recent study, the propagation and scattering of highly nonlinear waves in disordered 1D composite granular media was investigated [42] . It was shown that two regimes exist depending on the level of disorder. In low-disordered chains, Ponson et al. observed numerically and experimentally the propagation of a solitary pulse with exponentially decaying amplitude. As the disorder increases, the dispersion capacity of the system saturates and the wave becomes fully delocalized. Genetic algorithm methods were used to optimize the distribution of defects in a 1D granular chain of particles in order to reduce the maximum amplitude of the transmitted signal [43] .
On the other hand, the study of the dynamic behavior of ordered two-dimensional (2D) granular crystals is relatively unexplored. There is no theoretical framework that describes the highly nonlinear wave propagation in fully 2D systems and prior analysis of these systems consisted mostly of numerical simulations with some experiments visualizing dynamic stress in photoelastic disks [44] [45] [46] . Velicky and Caroli studied the dependence on the external pressure of the velocities in a 2D hexagonal packing of frictional balls, building an effective medium description taking into account local deformations due to the disorder in the ball radii [47] . The experimental testing of 2D and three-dimensional (3D) systems is challenging because of the difficulty in assembling "perfect" crystals. Several studies have focused on the imperfections of granular crystals as the cause of observed deviations from the Hertzian behavior, for example [48] [49] [50] [51] . The natural extension to the study of 1D crystals is to explore the dynamic response of simple 2D square packings (pseudo-1D systems) [52] . Leonard and Daraio showed that, depending on the type of excitation imparted on the system (location, number of particles impacted, temporal duration of the impact), solitary waves can form in one or several different chains within the square array. The presence of interstitial particles uniformly distributed in the packing (i.e., effectively forming a centered squared granular lattice) has been shown to force the system to distribute stress in 2D fronts, whose properties can be tailored by the selection of the particles material properties [53, 54] .
It is important to note that the presence of defects in 1D chains is limited to the presence of particles of different sizes, materials, or shapes placed in the chain in contact with neighboring particles [24] [25] [26] . In two dimensions, this definition needs to be extended as it is also possible to add particles on "off-grid" positions. In addition, 2D systems allow for the presence of vacancies (i.e., lattice points with no particles) without completely disrupting the wave propagation. In this paper, we describe the interaction of highly nonlinear solitary waves with a single interstitial defect particle, using experiments and numerical simulations to study the effects of force and energy redirection, reflection, and trapping, as a function of the defect's materials properties. We also describe the interaction between two defects, as a function of their relative position in the lattice.
Our presentation is structured as follows. In Sec. II, we present the experimental and numerical setup at hand. In Sec. III, we examine the case of a single defect (also of different stiffness and density characteristics). It is seen that the stiffer the defect, the more it favors the redistribution of the energy in the system. A rigid body collision model is also used based on the energy and momentum conservation to establish a reasonable approximate estimate of the resulting distribution of the relevant energy fractions. The case of two interstitial defects is considered in Sec. IV, both in the special setting where they are in contact with the same particle, enhancing the number of directions that receive an observable fraction of the precollision energy, and in that where they are more separated. In the latter case, the intruders can be thought of as acting independently. Finally, in Sec. V, we present some conclusions and possibilities for further study.
II. EXPERIMENTAL AND NUMERICAL SETUPS
Our 2D experimental setup is composed of a flat polycarbonate base and four movable delrin walls to support the particles. We assemble a 20 × 20 square packing using 2R = 19.05 mm diameter stainless steel spheres (nonmagnetic, 316 type). The defect particles consist of custom made spheres that fit exactly in the interstitial sites. We studied the effects of several different materials for the defect particles: tungsten carbide (TC), 316 stainless steel, brass alloy 260, and polytetrafluoroethylene (PTFE). The material properties of the defect particles studied are summarized in Table I . Due to the size of the interstices, the intruder particles are smaller than the beads of the square packing: R defect = ( √ 2 − 1)R. In order to have all the centers of mass of the particles in one horizontal plane, the defects are placed on cylindrical PTFE stands. The system is impacted on one side by a single striker particle identical to the particles forming the square packing, and its velocity is measured with the use of an optical velocimeter. The different particle arrangements considered in this study are reported in Fig. 1 .
Custom sensor particles were built using mini triaxial accelerometers [PCB 356A01 sensitivity 0.51 mV/(m/s
2 )] embedded within spherical particles placed in positions of interest in the setup (see [52] for a more complete description). The accelerometers are connected to a signal conditioner (PCB 481A02) and a data acquisition board (NI BNC-2110 and NI PCI-6123) with a 500 kS/s simultaneous sampling rate.
We numerically model the square packing of 400 spherical beads plus one or two interstitial spherical defects and a striker bead with (conservative) Hertzian interactions between particles:
where u i is the vectorial displacement of the ith particle from its equilibrium uncompressed position,
, and e ij is the unit vector connecting the centers of beads i and j , oriented from i to j ; the symbols j denote that j needs to be a nearest neighbor to i.
[X] + denotes the positive part of X as no interaction exists between particles when they lose contact. Numerical simulations are run using a fourth order Runge-Kutta integration scheme to solve the equations of motion of all the particles. The striker particle impacts one side of the square array and its velocity is determined from experiments. All other particles start at rest in their equilibrium positions.
The acceleration values measured experimentally are compared to the values obtained from numerical simulations. However, when comparing numerical results with experiments, several factors can account for discrepancies. The most important one is the presence of dissipation in the real system, which is responsible for a decrease in amplitude, and hence velocity, of the traveling waves. Dissipative losses are not taken into account in our numerical computations. Another one is the variability intrinsic to real systems: the particles used in experiments are not perfect, and a slight tolerance variation on their diameters can cause irregularities in the contact network, such as local losses of contact or precompressions.
III. SINGLE DEFECT
The first system studied is presented in Fig. 1(a) . A spherical defect is placed in the center of a uniform steel square packing, and a horizontal chain in contact with the defect is impacted by a steel sphere. Without the presence of the intruder, the system would behave as an effectively 1D system, i.e., one in which the excitation only propagates along its initial direction. However, the presence of the defect adjacent to the impacted chains modifies the dynamic response of the system: after the incoming solitary wave interacts with the defect, we observe one reflected, one transmitted, and three scattered waves (see Fig. 2 ), whose properties depend on the material properties of the defect. A single solitary wave is always transmitted down the impacted chain after the defect. This is due to the fact that the first bead after the intruder in the impacted chain loses contact with both its left neighbor and the intruder. We numerically evaluate the scattered energy by calculating the difference between the input energy and the energy carried by the transmitted solitary wave. We refer to the chains in which waves are propagating as "impacted", "adjacent", "top", and "bottom" chains, colored in red in Fig. 1(a) . After the incoming wave reaches the defect particle, the defect's motion is observed to be identical in the x and y directions. This is shown in Fig. 3 where on can see that the two components of the displacement of the defect particle are equal and opposite.
FIG. 3. (Color online) Numerical results
showing the displacement of the defect particle as a function of time when it is made of (a) PTFE and (b) stainless steel. In both cases, the solid blue curve represents the displacement of the defect particle in the x direction and the dashed green curve represents the displacement of the same particle in the y direction.
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This is due to the fact that the center of mass of the intruder is placed along the line connecting the centers of mass of its top-left and bottom-right neighbors (at a 45
• angle with the x axis). We consequently observe, both experimentally and numerically, identical signals propagating down the "adjacent" and "bottom" chains. When the transmitted waves are reflected back from the boundaries they excite the intruder again, and cause its motion to become disordered. In this study, we limit our analysis to the interaction of the defect with the incoming wave, neglecting the effects of reflections.
First, we numerically investigated the effect of variations of the defect's mass and stiffness on the energy redirection through the crystal, for different impact velocities. We showed that the defect's mass has very little effect on the maximum amplitude of the signal transmitted beyond the defect particle in the direction of impact, relative to the input energy. However, the defect's stiffness can play a nontrivial role in the interactions: the stiffer the defect, the more energy is redirected from the impacted chain to other parts of the system.
A. Single steel defect
The results obtained for a lattice composed of stainless steel particles and a single stainless steel defect are shown in Fig. 4 . It is evident that the system supports the formation and propagation of a single solitary wave, and that the solitary wave's interaction with the defect results in a small amount of energy redirected from the impacted chain to two solitary waves propagating sideways and, partially, to a single solitary wave reflected backward. We find excellent agreement between numerical and experimental results [compare Figs. 4(b) with 4(c)]. However, the presence of dissipative losses in experiments is evident from the decreasing wave amplitude of the traveling waves. For this configuration, numerical calculations show that 14.32% of the input energy is transmitted to other parts of the system and does not travel along the impacted chain after the intruder (4.15% is deflected up, 4.30% down, 4.30% in the adjacent chain, and 1.57% reflected).
B. Single PTFE defect
The results obtained for the lattice composed of stainless steel particles and a single PTFE defect are shown in Fig. 5 . In this case, the interaction of the incoming solitary wave traveling in the impacted chain with the soft intruder leads to the formation of trains of solitary waves of decreasing amplitudes in the "top," "bottom," and "adjacent" chains, and we also observe a train of solitary waves of small amplitude reflected backward. When reached by the incoming solitary wave, the PTFE intruder is strongly compressed between its top-left and bottom-right neighbors, and starts oscillating between them. As it oscillates, the PTFE intruder slowly pushes its neighboring particles away from it, bouncing back and forth. The energy of the intruder progressively decreases as multiple solitary waves are formed in all four directions, resulting in the trains of waves observed numerically and experimentally. For this configuration, numerical calculations show that only 1.23% of the input energy is transmitted to other parts of the system and does not travel along the impacted chain after the intruder. For comparison, a stiffer tungsten carbide intruder deflects 17.7% of the total input energy, while a softer brass intruder deflects 11.33% of the input energy.
C. Relative displacements
The relative displacements of the defect particle with its neighbors are shown in detail in Fig. 6 for the particle configurations analyzed in Figs. 4 and 5. For the packing including a single steel defect [ Fig. 6(a) ], it is evident that the top-left neighbor compresses the defect particle, which in turn compresses its bottom-right neighbor, and all three particles are translated (at time = 0.4-0.6 ms). After this translation the intruder loses contact, first with its first neighbor, and quickly thereafter also with its second, and then bounces back and forth between the two. The two neighbors slowly become more and more distant from each other and the defect also carries less velocity having imparted progressively more of it through subsequent collisions. This leads eventually to "individual" interactions of the defect with each, one neighbor at a time, The solid blue curve represents the relative displacement in the x direction of the defect particle with respect to its top-left neighbor and the dashed green line with respect to its bottom-right neighbor. Note that we do not show the relative displacement in the y direction since it is equal to the relative displacement in the x direction. The two particles are compressed against each other when the curves are negative and they are not in contact when positive. The red step curve is nonzero when a complete loss of contact occurs between the defect and its two active neighbors. mediated by longer travel times during which the defect is in contact with neither of its neighbors. The relative displacement between the defect and its neighboring particles is always small (0.2 μm) and these interactions give rise to small secondary waves propagating laterally and in the row of particles adjacent to the impacted one. This picture (of a sequence of collisions with top-left and bottom-right neighbors) will also form the basis for our rigid body collision model theoretical analysis of the relevant phenomenology presented below. For a soft PTFE intruder [ Fig. 6(b) ], we observe that the first interaction with the first neighbor causes the intruder to be strongly compressed between the two bigger and stiffer steel spheres. The intruder oscillates between the two particles with a frequency of oscillation being a nonlinearly increasing function of the amplitude of the incoming wave. The two stiff neighbors are slowly pushed away by the intruder, and a train of solitary waves is transmitted after the defect in the row of particles adjacent to the impacted one.
D. Effect of density
Numerical simulations were run to investigate the role of density independently of the role of stiffness of the defect particles. We created idealized particles, in which we varied the particle density while maintaining a constant stiffness value. For these cases, we plot the displacement of the intruder particle to show the variations in the dynamics of the systems. Because of the symmetry of the system, the x and y displacements of the intruder have equal norms. In Fig. 7 we present the x displacement (i.e., horizontal displacement) of the defect particle for both a stiff [E = 193 GPa, Fig. 7(a) ] and a soft [E = 1.26 GPa, Fig. 7(b) ] material, varying the density in each case. We note that as the incoming solitary wave reaches a stiff defect from its top-left neighbor, the defect is forced to translate laterally. This translation is followed by small oscillations of the defect between its top-left and bottom-right neighbors, during which the defect alternately loses contact between them. In this scenario, the incoming solitary wave is decomposed into transmitted, reflected and scattered solitary waves, and the secondary oscillations result in small amplitude trailing waves. When the incoming solitary wave reaches the softer defect, we observe a transition to a different dynamic regime in which the defect particle starts oscillating immediately, without a lateral translation [see Fig. 7(b) ]. In this case, the defect is compressed between its two active neighbors (top left and bottom right) and the large amplitude of oscillations is due to the larger deformations of the soft intruder between the steel particles. Energy is localized similarly to what was observed in one-dimensional systems [25] , and the defect particle excites secondary solitary waves. The formation of transmitted trains of solitary waves, observed both numerically and experimentally, is shown in Fig. 5 .
E. Rigid body collision model
For the case of stiff defects where we observe transmitted, scattered, and reflected solitary waves (as opposed to trains of solitary waves for soft defects), a natural model has been developed to estimate the percentages of the input energy traveling in the top, bottom, impacted, and adjacent chains after interaction of the intruder with the incoming solitary wave. We assume the spherical particles (see numbering in Fig. 8 ) to be rigid bodies undergoing elastic collisions. This approach is a simplification for the interaction of a multiparticle wave with the interstitial defect. A similar approach was taken in the independent collision model of [36] . This approach is exact for perfectly rigid spheres and a good approximation when the collision durations are short in comparison to the time between two collisions, and was later used in [37, 39] for the description of tapered chains. The analytical results obtained with this approximation were found to be in very good agreement with the full field numerical model (which considered energy and momentum exchanged between all the particles in the system).
We first consider the interactions between particles 1, 2, and 3, and denote by m and m d the masses of the particles in the packing and the defect, respectively. The superscripts i, t, r, and u represent the incoming, transmitted, reflected, and scattered in the up direction velocities, respectively. Using the conservation of momentum and kinetic energy, we obtain the following system of equations:
We numerically observe that the amplitude of the reflected wave is small with respect to the other scattered and transmitted waves (see Fig. 4 ). This is due to the fact that m d is small with respect to m and we consequently neglect v (1r) in our analysis. Equation (2) then yields
Assuming that all the energy of v (2t) forms the transmitted part in the direction of the initial excitation, we obtain the transmitted energy fraction for the homogeneous case as
This is in good agreement with the numerical results for the same case (85.68%). The contribution to the energy deflected up is
We consider thereafter the interactions of the defect (which has velocity v (3t) ) with particles 1 and 4. We remind the reader that with the motion of the intruder being along the diagonal, it is unnecessary to consider the interactions with particle 2 and also with the intruder's bottom-left neighbor. We model the transmission of the energy from the intruder to its two active neighbors by an infinite series of instantaneous elastic collisions. Denoting by v (3tr) and v (4t) the velocity of the intruder and the velocity transmitted to particle 4 after their first collision, conservation of momemtum and kinetic energy yields
After this first interaction of the intruder with particle 4, another collision happens between the intruder and particle 1, and so on. Notice that this is exactly in line with the observations of Fig. 6(a) . Summing the contributions of all the collisions, one can calculate the energy fractions transmitted to particles 1 and 4:
We finally assume that the energy transmitted to particle 4 will be split equally between the adjacent and the bottom chains. Similarly, the energy transmitted to particle 1 by the intruder is assumed to be split equally between the top chain and the impacted one (before the intruder). Hence, adding the contributions of the first part of the calculation, we can find the transmitted, scattered, and reflected energy fractions, in fairly good agreement with the numerical simulations. The TABLE II. Comparison of the percentages of the input energy redirected in the system in the rows and columns of spheres adjacent to the defects for the rigid particle model and numerical calculations. We define energy "up" as the energy redirected upward in the column of particles above the first defect, "reflected" as the energy reflected back in the impacted chain, "adjacent" as the energy redirected in the right direction in the row adjacent to the impacted chain, "bottom" as the energy redirected downward in the column of particles below the first defect, and "transmitted" as the energy transferred in the impacted chain after the defect. results from this calculation as well as the numerical ones are summarized for the case of a stainless steel intruder in Table II . Understanding how a single spherical intruder interacts with a solitary wave is the first step towards the understanding of more complex dynamics that appear when several defects are present. In the next section, we investigate the interaction of two spherical intruders when placed in a square packing, for two different configurations.
IV. TWO DEFECTS
We study the effects of the presence of two defects in the lattice, as a function of their relative position. As seen in the first part of this paper, when a single solitary wave interacts with a single defect, the energy is redistributed only along the few chains adjacent to the defect. If two defects are located sufficiently far apart from each other in the granular crystal, we expect their individual behavior to be independent of each other, and similar to that of a single defect, without any dynamic interactions between them. However, when the two defects are sufficiently close to each other, the dynamic behavior of the granular crystal is expected to be dependent on the interaction between the two defects.
A. Two defects in contact with the same particle
In this section, we study the effect of two defects placed diagonally to each other, but adjacent to the same particle in the crystal [ Fig. 1(b) ]. Similarly to the case where one defect only is present, the positions of the intruders with respect to their direct neighbors will cause them to move along the diagonal connecting the centers of mass of particles 1 and 3 [see Fig. 9(a) ]. The x displacement and y displacement of the first intruder are hence equal, as are the x displacement and y displacement of the second intruder. It is important to remember that this symmetric behavior is preserved only before the waves, reflected from the boundary of the system, reach the intruders, after which their motions become disordered. Similarly to the analysis performed for the single defect case, we numerically calculate the total energy redirected from the impacted chain by subtracting from the input energy the energy carried by the solitary wave in the impacted chain after the defects. We restrict our analysis to the case of stiff intruders. We show that the dynamic behavior of the first defect is very similar to the dynamic behavior observed in a lattice with a single defect of the same material. This can be seen comparing the displacement of the first intruder in the x direction with the displacement of a single defect occupying the same interstice (see Fig. 9 ). However, the presence of a second active defect provides extra stiffness in the system, resulting in a reduction of the amplitude of oscillations.
The addition of a second defect placed diagonally with respect to the first one does not have a significant effect on the energy dispersion. We calculate numerically how the input energy is redistributed in the different chains of the system. For the sake of simplicity, we consider only the cases with stiff defects-stainless steel and tungsten carbide (TC)-for which energy localization can be neglected. The two additional chains in which solitary waves are going to propagate due to the second defect are referred to as "adjacent2" and "bottom2". Because a second defect stiffens the contact between the first defect and its bottom-right neighbor, more energy is scattered upward and reflected backward. The results for the steel-steel and steel-TC are presented in Table III .
B. Rigid body collision model
For this entire section, we use the numbering depicted in Fig. 9(a) . While this configuration appears to be only slightly more complicated than the single defect configuration, TABLE III. Percentages of the input energy redirected in the system in the rows and columns of spheres adjacent to the defects. We define energy "up" as the energy redirected upward in the column of particles above the first defect, "reflected" as the energy reflected back in the impacted chain, "adjacent" as the energy redirected in the right direction in the row adjacent to the impacted chain, "adjacent2" as the energy redirected in the right direction two rows below the impacted chain, "bottom" as the energy redirected downward in the column of particles below the first defect, "bottom2" as the energy redirected downward in the row below the second defect, and "transmitted" as the energy transferred in the impacted chain after the defect. The first three rows of the table show the numerical results for three different cases: the single steel defect case, the cases where a second tungsten carbide defect is placed diagonally with respect to the first one, or the case where a steel defect is placed diagonally with respect to the first one. The last row corresponds to the semianalytical rigid body collision model for the case of two steel defect particles. adapting the rigid body collision model presents significant challenges. This is because of the intricate effects of backscatter of beads 2 and 4 and their interplay, especially with bead 3. The beginning of the calculation is similar to what was done for the modeling of the interaction of a single defect with a solitary wave: particle 1 first interacts with its right neighbor in the impacted chain and particle 2, and we once again make the assumption to neglect any reflected energy during this first interaction. The transmitted energy is identical to the single defect case (87.17% of the input energy) as this model does not include any stiffening of the contact between the first defect particle and its bottom-right neighbor. Particle 2 then interacts with 3 (and 1) which subsequently partitions its energy between 4 and the "adjacent" and "bottom" chains. In order to describe the following collisions, it is useful to look at the numerical results presented in Fig. 9(b) . After the first interaction of particle 2 with particle 1, the former starts oscillating between particles 3 and 1 (green dashed curve labeled "2" between 0.6 and 0.8 ms) as particle 3 is being pushed towards the second defect. The second defect then starts to oscillate between particles 3 and 5 (and particle 3 is pushed back towards the second defect see black curve labeled "4" between 0.8 and 1.3 ms), and so on. We consequently consider that the two defects are interacting independently and in an alternative fashion with particle 3, for about four oscillations each time [inferred from Fig. 9(b) ]. We also assume that the energy of particle 1 is evenly distributed in the "up" and "reflected" chains, whereas the energy is split between the "adjacent2" and "bottom2" chains [see Fig. 9(a) ]. The results are presented in the last row of Table III along with the numerical simulation data, and are in fairly good agreement with one another. This approach clearly underestimates the input in the "adjacent" and "bottom" chains, as the only contribution in our model comes from the first collision of particle 3 with particle 4 and these two chains, yet is the best we can presently do without using too much feedback from the numerical simulations. We find the relevant analysis to be instructive as a lower bound of the corresponding energy partition complementing the transmitted portion of 87.17%.
C. Two defects in a line
We study the dynamic response of the granular system, when two defects are placed along the same row of spheres, parallel to the impacted chain. The schematic diagram of this configuration is presented in Fig. 1(c) . We restrict our study to the case of a steel square packing with two tungsten carbide intruders, impacted by a steel particle. We note that the response of the system is dependent on the relative distance of the defects in the packing: if the two defects are located far from each other, the behavior of the system is similar to that observed for a single defect. In this case, after an incoming solitary wave interacts with the first defect, two solitary waves propagate towards the second defect: a transmitted wave traveling in the row of particles impacted by the striker, and a redirected wave, traveling in the row of particles parallel to it (and immediately below it). According to what was shown in the single defect case, these two waves have different amplitudes, and hence different velocities. Consequently, these waves reach the second defect separately, and the two defects act independently of each other. The energy redirection properties of the system are greatly improved as we observe a geometrical decrease of the leading traveling energy in the impacted chain: as shown in the single defect study, a TC intruder deflects 17.7% of the total input energy. This corresponds to 82.3% of the total initial energy propagating in the impacted chain after the first intruder. 67.7% (or 82.3% of the remaining energy) of the total initial energy will propagate in the impacted chain after the second TC intruder, and so on if more intruders are present. Hence, it is possible for sufficiently many well separated intruders to obtain a transmitted energy fraction as small as desired according to the following prescription. To ensure that the transmitted fraction is smaller than α, the number of intruders N that must be used is N [log(α)/ log(0.823)], where the bracket stands for the integer part.
If the two defects are sufficiently close, the waves transmitted in the impacted chain after the first intruder and in the chain parallel to it will not reach the second intruder separately. This leads to more complex dynamics of the second intruder as it interacts with two solitary waves of different amplitudes at the same time. Moreover, the two solitary waves reach the second intruder from different sides (which is also true when the two defects are far apart), inducing a disordered motion as the defect is simultaneously pushed up and down with different forces.
Numerical calculations and experiments were run to estimate the minimum spacing l necessary for two defects to be independent. This distance is expected to depend on the velocity of impact, as well as the material of the defect particles, which both affect the velocity of the transmitted and forward scattered solitary waves. We denote by r t the force amplitude ratio between the amplitude of the wave transmitted in the impacted chain after the intruder and the amplitude of the incoming wave (in the impacted chain before the intruder), and r s the force amplitude ratio between the amplitude of the wave redirected in the chain parallel to the impacted chain and the amplitude of the incoming wave. Assuming that the force-velocity scaling relation v ∝ F 1/6 [14] is valid for effectively one-dimensional systems [52] , we obtain the following relationship relating the incoming signal velocity v to the transmitted wave velocity v t and the redirected wave velocity v s :
In order to verify that the pulses detected in our system are solitarylike, we monitored the shape of the propagating signals before and after the interaction with the defect. We noted that the pulse shape remains constant as it travels down the various chains. An example is given in Fig. 10 where we compare the shapes of the acceleration signal in the adjacent chain five particles after the intruder (solid red curve) and nine particles after the defect (black square markers). As one can see, their shapes are identical and the two curves completely overlap. We also compared the shape of these two curves to the predicted analytical shape for a solitary wave (the Nesterenko solution obtained for 1D homogeneous systems-green dashed curve in Fig. 10 ). We observe that the shapes of the two signals (numerical solution and analytical solution) are very close. At the intuitive level, this can be justified as follows. For each row of the two-dimensional chain, the traveling wave propagates without affecting the other rows (as an effectively one-dimensional entity). Hence, both before and after the interstitial defect, we have effectively quasi-one-dimensional chains along which genuine traveling waves can propagate. The only redistribution of energy occurs at the defect, which routes that energy into transmitted (along the various directions, as explained by the particle model) and reflected. Once this routing process is completed, the energy naturally reorganizes itself into traveling waves along these effectively one-dimensional directions. It is consequently justified to use the scaling relation previously mentioned.
Since the velocity of the incoming wave depends weakly on the force amplitude, and hence on the velocity of impact, we expect to see a small effect of the impact velocity on l. The two ratios r t and r s depend on the Young's modulus of the intruder E defect , r t being a decreasing function and r s an increasing function of E defect , so that l increases with E defect . For the range of impact velocities experimentally investigated (0.05-0.2 m/s), l was found to be around 9-10 particle diameters. Numerical and experimental results are shown in Figs. 11 and 12, for the two cases where the defects are 8 and 10 interstices apart. As one can see, when located eight interstices away from each other, one cannot distinguish between the end for the configuration (a) when two tungsten carbide intruders are located eight interstitial sites apart in a steel square packing impacted by a steel particle. After the incoming solitary wave (blue solid curve labeled "1") interacts with the first defect, two waves travel towards the second defect: a transmitted wave in the impacted chain, and a redirected wave (green dashed curve labeled "2") in the adjacent chain. The red dotted curve labeled "3" shows the two waves propagating after the second defect in the adjacent chain. The colors and labels of the particles correspond to the colors and labels of the acceleration curves in panels (c) and (b).
FIG. 12. (Color online)
Comparison of the output accelerations observed experimentally (c) and numerically (b) for the configuration (a) when two tungsten carbide intruders are located 10 interstitial sites apart in a steel square packing impacted by a steel particle. After interaction of the incoming solitary wave (solid blue curve labeled "1") with the first defect, two waves travel towards the second defect: a transmitted wave in the impacted chain, and a scattered wave (green dashed curve labeled "2") in the adjacent chain. The red dotted curve labeled "3" shows the two waves propagating after the second intruder in the adjacent chain. The colors and labels of the particles correspond to the colors and labels of the acceleration curves in panels (c) and (b).
of the first wave and the beginning of the second one (red curve). This becomes possible, however, when the spacing is set to 10 interstices. When placed closer to each other, the two defects start to interact, and the behavior of the second defect becomes more complicated, as its interaction with the (fast) transmitted wave and the (slow) scattered wave in the adjacent chain overlap. Preliminary numerical and experimental results showed that in the extreme case where spherical defects are located in all interstitial spaces in a line, one can achieve coupling of the impacted and adjacent chain and equipartition of the input energy in those two chains.
V. CONCLUSION
In this paper, the interaction of a solitary wave with spherical interstitial defects placed in an uncompressed, 2D square packing of stainless steel spheres is studied, investigating the effect of a single defect in the packing. The numerical calculations and experimental results show that spherical defects redirect part of the impact energy, in four directions along the rows and columns of particles in contact with the defect. The defect particle's stiffness plays an important role in the impact energy redirection in the system, and the mass of the defect and the velocity of impact have a much smaller effect on the impulse redirection. A soft defect particle spatially localizes a small percentage of the incoming energy in the crystals, as it oscillates between its nearest neighbors. A stiffer defect particle redirects part of the incoming energy into single deflected and reflected solitary waves, and a simple rigid particle collision calculation was constructed for this case which describes the reflected, scattered, and transmitted energy fractions in good agreement with numerical simulations and experimental results. The setting of two defects, placed in different configurations in the packing, was also analyzed and it was noted that the energy redirection efficiency of the system, measured as the amount of input energy not traveling along the impacted chain, is greatly enhanced when placing multiple defects in a line. If the defect particles are located far enough from each other (around 9-10 particles in our study), then they act independently and their individual behavior is identical to a single defect isolated in a square packing. This enabled a specific prediction for ensuring that the transmitted fraction stays below a prescribed fraction of the original energy. If the defect particles are located close to each other, their dynamic response is influenced by the respective presence.
The work presented in this paper provides a fundamental understanding of the effect of a single defect in 2D granular crystals, and paves the way to more complex analyses involving a larger number of defect particles and especially a deeper understanding of their complex interplay. An ongoing project led by the authors consists of numerically investigating how the locations of these spherical intruders can be optimized to design new granular protecting devices, applying topology optimization techniques [55] to the type of systems considered herein.
